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Abstract. The development of numerical methods for multiscale advection-diffusion
problems presents a number of challenges. The fine-scale structures may significantly
influence the coarser properties of the system, but are often impossible to solve in
full details. The time integration of the evolution system is stiff due to the diffusion
term and its stability properties have to be taken into account for its resolution.
We discuss in this paper an algorithm, which combines Heterogeneous Multiscale
Methods (HMM) with Orthogonal Runge-Kutta Chebyshev (ROCK) methods, for
the efficient numerical resolution of multiscale advection-diffusion problems.

1. Introduction. A broad range of scientific problems involve multi-scale phenomena. We face multi-scale problems when studying for example the flow and contaminant transport through aquifers in hydromecanic and ground water modeling, heat
and mass transport in chemical engineering, filtration processes and transport of
fluids and chemicals in lungs and other organs in biomedical engineering, to mention
but a few.
Let Ω ∈ Rd , d = 2, 3 be an open and bounded domain and I = [t0 , T ] a time interval. We consider the following advection-diffusion problem, describing the transport
of a scalar quantity c(t, x) immersed in a flow v(x):
∂c
(t, x) = −∇ · (v(x)c(t, x)) + ∇ · (D∇c(t, x)) + g(t, x), (t, x) ∈ I × Ω (1)
∂t
c(t0 , x) = c̄(x), x ∈ Ω,
(2)

together with suitable boundary conditions, where g(t, x) is a source term and D is
a diffusivity tensor which we suppose, for simplicity, to be a positive constant. The
flow field v(x) is determined by Darcy’s Law
v(x) = −a(x)∇u(x),

(3)

−∇ · (a(x)∇u(x)) = f,

(4)

(or a generalized form of it), where u(x) is given by an elliptic equation
together with suitable boundary conditions, where a(x) represents the conductivity
of the medium.
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The multiscale nature of the problems (1)−(4) comes from the fact that in many
situations, the conductivity a(x) exhibits (at least) two scales of variation: a macro
length scale, characteristic scale at which the transport behavior is observed and
a micro length scale due to the microstructures of the medium. We denote by ε
the typical length of the micro scale (representing for example a characteristic selfsimilar structure). The multiscale nature of the conductivity will induce a multiscale
behavior of the velocity field and the concentration. In the sequel, we will add a
superscript to these quantities cε , v ε , to emphasize their dependence on ε.
Solving numerically the details of equations such as (1) and (4) is often impossible
due to the amount of work needed. On the other hand, eliminating the small
scales involved in the problem can lead to very inaccurate descriptions for practical
applications.
In this paper we propose two algorithms to compute the fine scale advectiondiffusion equation and an upscaled (homogenized) version of it, respectively. These
algorithms are based on numerically reconstructed and upscaled velocity fields,
and on a combination of the Finite Element Heterogeneous Multiscale Method
(FE-HMM) for elliptic problems and Orthogonal Runge-Kutta Chebyshev methods
(ROCK) for stiff ordinary differential equations (ODEs). The paper is organized
as follows. In section 2 we briefly recall the homogenization theory for advectiondiffusion equations and we recall the ROCK and the FE-HMM methods. In section
3 we propose an algorithm to compute the fine scale solution of problems (1-4) as
well well an algorithm to compute an upscaled version of it. A priori error estimates
are given. We close with numerical examples illustrating the proposed method.
2. Homogenization of transport equation. A goal in upscaling and homogenization strategies is to obtain effective equations of motion, at large scales and
long times, for the mean passive scalar density or the mean velocity field. Homogenization was first developed as an analytical tool to derive macroscopic models
and effective coefficients for partial differential equations with rapidly varying coefficients and was pioneered by DeGiorgi, Spagnolo, Babuska, Bensoussan, Lions and
Papanicolaou (see [8] and the references therein). For advection-diffusion equations,
the most studied case is when the velocity field is divergence free, i.e., ∇ · v = 0,
that is, f = 0 in (3). In this case problem (1) reads
∂c
= −v∇c + D∇2 c,
(5)
∂t
where we set g(t, x) = 0 for simplicity. Among the large literature on the subject
we cite the review [14] and the references therein. For non-divergence free velocity
field, we refer to [13] and the reference therein for recent progress.
We briefly describe the homogenization procedure for advection-diffusion equations with divergence free velocity field. We suppose that there are two typical
length scales in the problem (1): l the typical length of the microscopic variations
and L the length scale at which the transport behavior is observed. We define
ε = l/L, the ratio between both length scale and study the situation where l << L.
If we write (5) in a non dimensional form (using a parabolic scaling x/L, tD/L 2
and writing again x, t for the new variables) the advection-diffusion equation (5)
reads
∂cε
= −P eg v ε ∇cε + ∇2 cε ,
(6)
∂t
where ε emphasizes the dependence on the small scale. Here P eg = V L/D is the
global (large scale) Peclet number, where V and L are the characteristic macroscopic
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velocity and length, respectively. The Peclet number P eg sets the diffusion coefficient into relation with the transport velocity and the length scale of the large scale
problem. We suppose that v ε = v(x, x/ε) = v(x, y), is 1-periodic with respect to the
micro scale (or fast length scale), where y = x/ε ∈ Y = (0, 1)d . The velocity
field
R
v ε (x) = v̄(x) + ṽ(x) is further split into a large scale mean part v̄(x) := Y v(x, y)dy
and a fluctuating zero mean part ṽ(x) := v ε (x) − v̄(x).
The derivation of the homogenized equation is achieved by assuming a formal
asymptotic expansion for the concentration cε (t, x, y) = c0 (t, x) + εc1 (t, x, y) +
ε2 c2 (t, x, y) + . . . , in the limit ε → 0, where c0 is the homogenized solution we
are looking for (and does thus not depend on the micro scale y) and where we
assume that the cj functions are periodic in the y variable. Inserting the asymptotic expansion for cε and the splited velocity field in (6), taking into account that
∇ = ∇x + (1/ε)∇y and identifying the power of ε, we obtain a cascade of equations.
The ε0 term gives the “homogenized” equation [17],[14],[6]
∂c0
= −P eg v̄∇c0 + ∇ · D0 ∇c0 ,
∂t

(7)
R

where D0 is the effective diffusion tensor, defined by D0 = I + Y P el ṽ ⊗ ηdy, where
the functions ηi , i = 1, . . . , d are given by so-called cell problems
∇2y ηi − P el v ε ∇y ηi = P el ṽi ,

(8)

where P el = εP eg is the small scale Peclet number. These problems can either
be solved numerically or approximated through a perturbation theory expansion in
case of large Peclet number (see [6] and the references therein).
The convergence result ||cε (t, x) − c0 (t, x)||L∞ ((t0 ,T );Rd ) ≤ ε(C1 + C2 T ) can be
obtained (see [14] and the references therein) in case of zero, constant or weak mean
flow v̄(x) (by weak mean flow we mean v ε (x) = εv̄(x) + ṽ(x). It has been partially
generalized for strong mean flow in [17]. Observe finally that both, the fine scale
model (6) and the homogeneous large scale model (7), need informations on the fine
scale fluctuating velocity field.
2.1. ROCK and Heterogeneous Multiscale Methods. In this section we recall
the ROCK and HMM methods, which we will use to solve (6) or (7).
2.2. ROCK methods. For solving time dependent partial differential equations
of the type (1), a widely used approach is to discretize the space variable by finite
differences, leading to a (possibly large) system of ODEs
d
y(t) = F (t, y(t)), y(t0 ) = y0 ,
(9)
dt
where y ∈ Rn , F : I × Rn → Rn . The dimension n is related to the space discretization of the spatial domain Ω ⊂ Rd by n = O((∆x)−d ), where ∆x is the
meshsize of the finite difference space discretization. For the advection-diffusion
equation (1), taking second-order central difference schemes for the discretization
of ∇c, ∇2 c, respectively, gives a system of ODEs with F (t, y(t)) = Ay(t) + G(t),
where A is a n × n matrix and G(t) is a vector in Rn which contains the discretized
source term g(t, x) and may also contains some boundary values. It is known that
standard explicit solvers (forward Euler scheme, explicit Runge-Kutta methods for
example) will have a restriction on the step size, governed by the largest eigenvalue
(in modulus) of A. These eigenvalues are located, for the central discretization of
(1), on an ellipse in the left half-plane C− and the aforementioned restriction reads
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τ ≤ C(∆x)2 , where τ is the step size of the time integration method. The constant C > 0 depends on the spatial dimension and on the diffusion and advection
coefficients of the equation (1) and may also depend on the stability properties of
the numerical methods. However, for a standard explicit Runge-Kutta scheme, C
is almost independent of the method [12]. Such ODEs, originating from the space
discretization of (1) are called stiff in the literature [12]. It is also known that
implicit solver have better stability properties, but at the expense of solving linear
systems of dimension n × n, which is costly if n is large.
Chebyshev methods (to which belong the ROCK methods discussed below) are a
class of explicit one step methods with extended stability domains along the negative
real axis. The basic ideas for such methods go back to the sixties with Saul’ev,
Franklin and Guillou & Lago (see the references in [12]), and are the following:
chose a sequence of time steps h1 , . . . , hs with τ = h1 + . . . + hs and define one step
of the method as the composition
of s one step methods Ψτ = (Ψhs ◦ . . . ◦ Ψh1 )(y0 ),
Qs
and denote by Rs (z) = i=1 (1 + hi z) its corresponding stability polynomial. Next,
given s (called the the stage number), optimize the sequence {hi }si=1 , to achieve
|Rs (z)| ≤ 1 for z ∈ [−ls , 0],

ls > 0 as large as possible.

The solution of this problem is given by Rs (z) = Ts (1 + z/s2 ), where Ts (x) are
the Chebyshev polynomials, i.e. the optimal sequence of {hi }si=1 is given by hi =
−1/zi , where zi are the zeros of Rs (z), and ls = 2s2 . We see that the stability
domain increases quadratically with the number of stages s, which represent also the
numerical work per step. Based solely on stability consideration, if the integration
of (9) from t0 = 0 to tm =√T requires N functions evaluation for the forward Euler
method it will only need N functions evaluation for the Chebyshev method.
The above method has order one, which means that after one step of the method
y1 − y(t1 ) = O(τ 2 ). Construction of higher order methods, say of order p require
higher order stability polynomials, i.e., polynomials Rsp (z) − ez = O(z p+1 ), which
remains for a given degree s bounded in the largest interval [−lsp , 0] ⊂ R− . These
“optimal polynomials” are known to exist for all p and s but have no explicit
analytic formulas for p > 1. Different strategies have been proposed to overcome this
difficulty (see [12] and the references therein). Recently, a new strategy to construct
higher order Chebyshev methods with “quasi” optimal stability polynomials has
been proposed [2],[3]. It is based on the following decomposition of the optimal
polynomials proved in [1].
Theorem 1. The optimal polynomials Rsp (z) possess exactly p complex zeros if p
is even and exactly p − 1 complex zeros if p is odd. The remaining real zeros are
distinct and are all in the stability interval [−lsp , 0].
As a consequence, the decomposition Rsp (z) = wp (z)Ps−p (z), holds, where wp (z)
is a polynomial of degree p with p complex zeros (p odd) and Ps−p (z) is a polynomial
of degree s − p with only real zeros. These polynomials can be approximated by
esp (z) = w
R
ep (z)Pes−p (z),

esp (z) − ez = O(z p+1 ) and where Pes−p (z) is an orthogonal polynomial with
with R
√
respect to the weight function w
ep (z)2 /( 1 − z 2 ) (see [2],[3]). For a given s, we
consider also the orthogonal polynomials Pej (z) (j = 1, . . . , s−p) associated with the
same weight function. These polynomials possess a three-term recurrence relation
Pej (z) = (µj z − νj )Pej−1 (z) − κj Pej−2 (z),

j = 1, . . . , s − p,

(10)
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which can be used to define a s − p stages numerical method ψ s−p . The remaining
p stages are constructed as to have w̃p (z) as stability function and such that Ψ =
ψ p ◦ ψ s−p is of order p . The methods ROCK2 and ROCK4 for p = 2 and p = 4,
respectively, are implemented in the following way [2],[3]:
1.
2.
3.
4.

Compute the spectral radius of the Jacobian.
Determine an s-stage formula to satisfy the stability requirement.
Compute an integration step.
Determine the error (with an embedded method) and a new step size.

The codes ROCK2-4 are available at http://www.math.unibas.ch/~abdulle/ and
we refer to [2],[3] for numerical experiments, and comparison with other methods.
2.3. Heterogeneous Multiscale Methods. In order to obtain the mean and the
fine scale fluctuating velocity fields v̄ and ṽ, respectively, we need to compute the
elliptic equation (4). We will discuss the solution of (4) in the case of periodically
oscillating coefficients, but we emphasize that the method presented below is also
applicable in the non-periodic case [4],[15]. We consider
−∇ · (aε ∇uε ) = f in Ω,

uε = 0 on ∂Ω,

(11)

where we assume that the tensor aε (x) = a(x, xε ) = a(x, y) is symmetric, coercive
and periodic with respect to each component of y in the unit cube Y = (0, 1) d .
For simplicity we take zero Dirichlet boundary conditions. We further assume that
f ∈ L2 (Ω), aij (x, ·) ∈ L∞ (Rd ), that x → aij (x, ·) is smooth from Ω̄ → L∞ (Rd )
and that Ω ⊂ Rd is a convex polygon. As for the advection-diffusion, (11) can be
homogenized and it is known (see e.g. [8, Chap.1]) that uε converges (usually in a
weak sense) to a “homogenized solution” u0 , which solves the homogenized problem

−∇ · a0 (x)∇u0 = f (x) ∈ Ω,

u0 = 0

on ∂Ω,

(12)

where the homogenized diffusion tensor a0 is smooth andcoercive with coefficients
R
Pd
j
j
given by a0ij (x) = Y aij (x, y) + l=1 ail (x, y) ∂χ
∂yl (x, y) dy, and where χ (x, y),
j = 1, . . . , d are the (unique) solutions of the cell problems
Z
Z
j
T
1
∇χ a(x, y)(∇z) dy = −
(Y ),
(13)
eTj a(x, y)(∇z)T dy , ∀z ∈ Wper
Y

Y

d

1
where Y = (0, 1) and
is the standard basis of Rd and Wper
(Y ) = {v ∈
R
1
1
∞
Hper
(Y ); Y vdx = 0}, where Hper
(Y ) is defined as the closure of Cper
(Y ) (the
∞
d
d
1
subset of C (R ) of periodic functions in Y = (0, 1) ) for the H norm.
For the numerical method, we consider the macro Finite Element (FE) space

S01 (Ω, TH )

{ej }dj=1

=

{uH ∈ H01 (Ω); uH |K ∈ P 1 (K), ∀K ∈ TH },

(14)

where P 1 (K) is the space of linear polynomials on the triangle K, and TH is a
quasi-uniform triangulation of Ω ⊂ Rd with “macro” meshsize H of shape regular
triangles K. We consider also the micro FE space
1
1
(Kε ); z h |T ∈ P 1 (T ), T ∈ Th },
(Kε , Th ) = {z h ∈ Wper
Sper

(15)

where Kε ⊂ K is a sampling subdomain of K, P 1 (T ) is the space of linear polynomials on the triangle T and Th is a quasi-uniform triangulation of Kε . By macro
and micro triangulation we mean that H can be much larger than ε and h < ε
resolves the fine scale.
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The FE-HMM for elliptic homogenization problems has been introduced in [9]
and analyzed in [10] and [5]. Define a modified macro bilinear form
X |K| Z
B(uH , v H ) :=
∇uh a(xk , x/ε)(∇v h )T dx,
(16)
|Kε | Kε
K∈TH

where Kε = xk + ε[−1/2, 1/2]d is a sampling domain centered at the barycenter xk
of K, where |K|, |Kε | denote the measure of K and Kε , respectively and uh is given
1
by the following micro problem: find uh such that (uh − uH ) ∈ Sper
(Kε , Th ) and
Z
1
(Kε , Th ). (17)
∇uh a(xk , x/ε)(∇z h )T dx = 0 ∀z h ∈ Sper
bKε (uh , z h ) :=
Kε

h

We obtain v by replacing uH with v H in (17). The macro FE-HMM solution is
defined by the following variational macro problem: find uH ∈ S01 (Ω, TH ) such that
B(uH , v H ) = hf, v H i,

∀v H ∈ S01 (Ω, TH ).

(18)

It can be shown that the problem (18) is well posed and has a unique solution
[5],[10]. We define (similarly to [16]) an approximation of the fine scale solution u ε
uε,h (x)|K := uH (x) + (uh (x) − uH (x))|#
K for x ∈ K ∈ TH ,

(19)

h
H
where |#
K denotes the periodic extension of the fine scale solution (u − u ), avail1
able in Kε , on the element K. We also define a broken H norm kukH̄ 1 (Ω) :=
P
( K∈TH k∇uk2L2 (K) )1/2 , since uε,h can be discontinuous across the macro elements
K. In the sequel, we assume that the solutions χj of the cell problems (13) satisfy
χj (xk , ·) ∈ W 2,∞ (Y ). If one sets χj (xk , y) = χj (xk , x/ε), then by the chain rule
(assuming χj is smooth)

kDxα χj (xk , x/ε) kL∞ (Kε ) ≤ C ε−|α| , |α| ≤ 2, α ∈ Nd .
(20)

The following convergence results have been obtained in [5].

Theorem 2. Let u0 be the solution of the homogenized problem (12) and assume
u0 is H 2 -regular and that (20) holds. Let uH be the solution of problem (18) and
consider uε,h defined in (19). Then
2

ku0 − uH kH 1 (Ω) ≤ C(H + M − d )kf kL2 (Ω) ,
√
1
kuε − uε,h kH̄ 1 (Ω) ≤ C( ε + H + M − d )kf kL2 (Ω) ,

(21)
(22)

where H is the size of the triangulation of the macro FE space (14) and M is the
dimension of the micro FE space (15).
Notice that the meshsize h of the micro FE space on Kε (of measure |Kε | = εd )
1
is given by h ' εM − d . Therefore the quantity h/ε does only depend on M and we
1
write it as M − d in the above theorem and in the sequel.
We see that the FE-HMM gives a procedure to obtain an approximation uH of the
homogenized solution u0 (without computing explicitly the homogenized equations)
and an approximation uε,h of the fine scale solution uε , at a much lower cost than
solving the equation (11), since we solve the fine scales only in sampling domains
of size εd in the periodic case, within a macro mesh of Ω. Furthermore, the micro
problems are independent and can be solved in parallel, In the non-periodic case,
Kε should be chosen as to sample enough information of the local variations of a ε .
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3. Numerical velocity fields. In this section, we define an analyze a fine scale
numerical approximation v ε,h of the velocity field (3) and an upscaled numerical
approximation v H of the mean velocity field of (7). Before giving more details, we
state the algorithms for solving the multiscale advection-diffusion equations (6),(7).
Algorithm 1. Fine scale problem (6)
1. Compute v ε,h given below by (23).
2. Discretize the space variables of (6) with the approximated velocity field v ε,h
and solve the time dependent problem with ROCK2-4 (subsection 2.2).
Algorithm 2. Upscaled problem (7)
1. Compute v ε,h and v H given below by (23) and (33). R
2. Compute the fluctuating field ṽ h (x) := v ε,h (x) − |K1ε | Kε v ε,h dx,
Kε = x + ε[−1/2, 1/2]d .
3. Use ṽ h to solve (8) and derive an effective diffusion tensor D0 . Discretize the
space variables of (7) with the approximated mean velocity field v H and solve
the time dependent problem with ROCK2-4 (subsection 2.2).
Let uε,h be given by (19). We define a numerical approximation of the velocity
field v ε := −aε ∇uε by
v ε,h (x)|K := −a(xk , x/ε)∇uε,h (x) for x ∈ K ∈ TH ,

(23)

where xk is at the barycenter of K. The following theorem estimates the error
introduced by the approximation (23). In the sequel, C > 0 denotes a generic
constant independent of the various discretization parameters.
Theorem 3. Suppose that the assumptions of Theorem 2 hold, that aε is bounded
and aε (x, ·) is smooth. Then
√
1
kv ε − v ε,h kL̄2 (Ω) ≤ C( ε + H + M − d ),
(24)

where H is the size of the triangulation of the macro FE space (14), M is the
dimension of the micro FE space (15) and L̄2 is a broken L2 norm similar as
defined for (19).
Proof. We have kv ε − v ε,h k2L̄2 (K) ≤
Z
Z
|a(xk , x/ε)(∇uε − ∇uε,h )|2 dx.
|(a(x, x/ε) − a(xk , x/ε))∇uε |2 dx +
K

K

Summing over K ∈ TH , the result follows from (22) the boundedness of aε and
max |(a(x, x/ε) − a(xk , x/ε))| ≤ CH,
x∈K

(25)

since a(x, ·) is smooth.

For the mean velocity involved in (7), we consider the approximation v̄ ' v 0 =
−a0 ∇u0 . The motivation is as follows. Consider v1ε = −aε ∇uε1 = −aε ∇(u0 (x) +
Pd
j
0
ε j=1 χj (x, x/ε) ∂u
of the cell problems (13). As for
∂xj ), where χ are the solutions
R
ε
ε
v , we split v1 = v̄1 + ṽ1 , where v̄1 (x) := Y v1 (x, y)dy and ṽ1 := v1ε − v̄1 . We have
√
kv ε − v1ε kL2 (Ω) ≤ C1 k∇(uε − uε1 )kL2 (Ω) ≤ C2 ε,
using that aε is bounded and classical result (see [11, Chap.1.4]) for the last inequality. A simple computation, using ∇ = ∇x + (1/ε)∇y and u0 ∈ H 2 (Ω), yields
v̄1 = −a0 (x)∇u0 (x) + O(ε).

To approximate v 0 , we first need the two following lemmas.
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Lemma 1. The solution uh of the problem (17) for x ∈ Kε ⊂ K ∈ TH is given by
uh (x) = uH (x) + ε

d
X

χj,h (xk , x/ε)

j=1

∂uH (xk )
,
∂xj

(26)

where xk is at the barycenter of K ∈ TH and χj,h (xk , x/ε), j = 1, . . . , d are the
1
solutions of (13) in Sper
(Kε , Th ).
Proof. Inserting (26) in (17), and using that ∇uH is constant in K give the result.
Lemma 2. Let uH , v H ∈ S01 (Ω, TH ) and uh , v h be the solution of the cell problems
1
(17) such that (uh − uH ), (v h − v H ) ∈ Sper
(Kε , Th ). Then
Z
Z
1
1
h
h T
∇uH a0,h (xk )(∇v H )T dx,
(27)
∇u a(xk , x/ε)(∇v ) dx =
|Kε | Kε
|K| K
where xk is at the barycenter of K ∈ TH and a0,h defined below is the numerical
1
homogenized tensor with χj,h solution of (13) in Sper
(Y, Th ). Furthermore, the error
0
0,h
between the homogenized tensor a and a
is given by
1

−d
|a0ij (xk ) − a0,h
,
ij (xk )| ≤ CM

(28)

where M is the dimension of the micro FE space defined in (15).
Proof. Inserting (26) in (17) gives
Z
Z
1
1
h
h T
∇u a(xk , x/ε)(∇v ) dx =
∇uH a(xk , x/ε)(∇v h )T dx =
|Kε | Kε
|Kε | Kε
Z
d
d
X
X
∂χj,h (xk , x/ε)  ∂v H (xk )
∂uH (xk ) 1
dx
,
eTi a(xk , x/ε) ej +
el
∂xi |Kε | Kε
∂xl
∂xj
i,j=1
l=1

where
is the standard basis of R and we used that bKε (uh , χj,h ) = 0 (see
(17)) and that ∇uH , ∇v H are constant. One term, for i, j chosen, of the integral of
the last equality gives, after the change of variables y = x/ε,
Z
d
X
1
∂χj,h (xk , y)
(29)
dx =: a0ij (xk ),
ail (xk , y)
aij (xk , y) +
|Y | Y
∂xl
{ej }dj=1

d

l=1

and (27) follows. Formula (29) is similar to the formula for the component of the
1
homogenized tensor a0ij (see (12)), but with χj,h solution of (13) in Sper
(Y, Th ). The
j

j,h

∂χ
−d
2
formula (28) follows from k ∂χ
, which is a consequence of
∂xl − ∂xl kL (Y ) ≤ CM
1
2
standard H error estimates in FEM with H regularity of χj .
1

We show next how the homogenized tensor a0,h can be computed during the
stiffness assembly process. Consider a triangle K ∈ TH , and SK ⊂ S01 (Ω, TH ) the
collection of the nodal basis functions associated with the vertices of K. Consider
Z
1
H
H
∇ϕhi a(xk , x/ε)(∇ϕhj )T dx,
(30)
B(ϕi , ϕj ) =
|Kε | Kε

H
h
h
H
1
where ϕH
i , ϕj ∈ SK and ϕi is a solution of (17) such that (ϕi −ϕi ) ∈ Sper (Kε , Th )
h
(similarly for ϕj ). Define the affine mapping φK : K̂ → K, φK (ξ) = x, which maps
Pd
the reference simplex K̂ = {ξ ∈ R2 ; ξi > 0, i=1 ξi < 1} onto K. The nodal basis
Pd
H
of the reference simplex is defined by ϕ̂H
i = ξi , i = 1, . . . , d, ϕ̂0 = 1 −
i=1 ξi . We
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H
order the nodal basis of SK so that ϕH
i (φK (ξ)) = ϕ̂i (ξ), i = 0, . . . , d and define
h
d×d
h
H
H
the matrix MK ∈ R
by (MK )ij = B(ϕi , ϕj ), i, j = 1, . . . , d. We can now show

Lemma 3. The numerical homogenized tensor a0,h (xk ), where xk is at the barycenter of K ∈ TH is given by
h T
J ,
a0,h (xk ) = JMK

(31)

where MK is defined above and J is the Jacobian of the mapping φK defined above.
Proof. Using Lemma 2 for (30) and a change of variables give
Z
1
T
−1 0,h
H
h
(32)
)
=
a (xk )J −T (∇ϕ̂H
,
ϕ
∇ϕ̂H
)ij = B(ϕH
(MK
j ) dξ
j
i J
i
|K̂| K̂
for i, j = 1 . . . , d.
−1 0,h
T
The last integral is equal to ∇ϕ̂H
a (xk )J −T (∇ϕ̂H
i J
j ) since the integrand is
T
d
constant and ∇ϕ̂H
i = ∇ξi = ei i = 1, . . . , d, where {ej }j=1 is the standard basis of
d
R . These two observations give (31).
An approximation of the mean velocity v 0 (x) = −a0 (x)∇u0 (x) is defined as
v H (x)|K := −a0,h (xk )∇uH (x) for x ∈ K ∈ TH ,

(33)

where xk is at the barycenter of K and where uH is the solution of (18). We have
the following error estimate for the approximation (33) of the mean velocity.
Theorem 4. Let u0 be the solution of the homogenized problem (12) and suppose u0
is H 2 -regular, a0 (x) is smooth and bounded and (20) holds. Let uH be the solution
of problem (18). Then,
1

kv H − v 0 kL2 (Ω) ≤ C(H + M − d )

(34)

where H is the size of the triangulation of the macro FE space (14) and M is the
dimension of the micro FE space defined in (15).
Proof. We have
kv H − v 0 k2L2 (Ω) =
+

X

K∈TH

k(a

0,h

X

K∈TH

(xk ) − a

0

kv H − v 0 k2L2 (K) ≤

(xk ))∇u0 k2L2 (K)

+

X

K∈TH

X

K∈TH

ka0,h (xk )(∇uH − ∇u0 )k2L2 (K)

k(a0 (xk ) − a0 (x))∇u0 k2L2 (K) .
2

The first term of the right hand side of the inequality is bounded by C(H + M − d )2
1
using (21), the boundedness of a0 and (28), the second term is bounded by C(M − d )2
using (28) and the last term is bounded by C(H)2 using the smoothness of a0 .
Summing up these terms we obtain the stated result.
4. Numerical example. We present in this section numerical experiments which
illustrate our algorithms. We concentrate here on the reconstructed velocity fields
and refer to [7] for an application of the full algorithms proposed in this paper,
involving the time dependent problem (1). Consider
−∇ · (aε ∇uε ) = 0 in Ω = (0, 1)2 ,
u ε | Γ D0 = u D 0 , u ε | Γ D1 = u D 1 ,
n · (aε ∇uε ) |ΓN = 0

ΓN := ∂Ω\(ΓD0 ∪ ΓD1 ),

(35)
(36)
(37)

where ΓD0 := {(x1 , x2 ); x1 = 1, x2 ∈ [γ1 , γ2 ]} ∪ {(x1 , x2 ); x1 ∈ [γ1 , γ2 ], x2 = 1} and
ΓD1 := {(x1 , x2 ); x1 ∈ [γ1 , γ2 ], x2 = 0} ∪ {(x1 , x2 ); x1 = 0, x2 ∈ [γ1 , γ2 ]}. We chose
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uD0 = 0, uD1 = 1, an anisotropic diffusivity tensor aε = diag(2 + sin 2πx1 /ε, 2 +
sin 2πx2 /ε) and γ1 = γ2 = 0.25. We compute a reference solution via scale resolution and chose therefore a parameter ε = 1/16 not to small. We also compute
the homogenized tensor a0 and a reference solution for the homogenized problem
corresponding to (35). We chose the micro mesh of the sampling domain K ε small
1
enough to minimize the influence of the term M − d in (24) and (34) (we refer to [5],
where this influence has been discussed for the FE-HMM). For the macro mesh of
the FE space S01 (Ω, TH ), we take successively H = 1/2, 1/4, 1/8, 1/16. The amount
of work needed to obtain a velocity approximation (23) or (33) is to solve 2 · (1/H) 2
micro problems of size |Kε | = ε2 and one macro problem with work ∼ (1/H)2 .
In Figure 1 we study the convergence in the L2 norm of v ε,h , v H given by (23)
and (33), respectively, towards a reference solution for v ε and v 0 . We see that
both approximations converge nicely. The reconstructed homogenized velocity field
(right picture of Figure 1) converges slightly
√ better than the reconstructed small
scale field. For the latter field, the term ε may have an impact on the solution.
Both fields converge with a slower rate than the macro linear rate expected from
(24) and (34). The boundary conditions induce a sharp transition of the solution
at the border of the domain Ω and a uniform (macro) grid, as chosen in these
computations, may not capture sufficiently well this behavior.
L2 convergence of the fine scale velocity

0

L2 convergence of the homogenized velocity

0

10

error

error

10

−2

10

−1

10

H

0

10

−2

10

−1

10

H

0

10

Figure 1. Convergence rate of v ε,h to v ε (left pict.) and v H to v 0
(right pict.). Macro mesh: H = 1/2, 1/4, 1/8, 1/16.
In Figure 2, we plot the small scale solution uε versus uε,h , defined in (19), upon
which our numerical velocity fields are based, for a coarse macro mesh H = 1/8. We
see that the fine scale solution is nicely captured in the interior of the domain, while
at the corner of the boundary, a refinement should be applied. We emphasize that
this is not a drawback of our method since this refinement would be required for a
standard FEM applied to a smooth problem with the above boundary conditions.
For ε → 0 the resolution of the fully detailed problem (35) becomes impossible, while our numerical approximations can still be computed with a complexity
independent of ε (in the periodic case).
In conclusion, we see that the methods presented in this paper are able to capture
the right behavior of the fine scale and the homogenized velocity fields for coarse
macro meshes with a complexity independent of ε (for the periodic case) and a much
lower cost than the work needed for resolving the full details of the problem. The
combination of these reconstructed velocity fields with Chebyshev methods for the
time integration as proposed here, gives efficient numerical methods (at the same
time easy to implement) for the solution of multiscale advection-diffusion problems.
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Figure 2. uε (right pict.) and uε,h (left pict.). Macro mesh H = 1/8.
REFERENCES
[1] A. Abdulle, On roots and error constant of optimal stability polynomials, BIT, 40 (2000),
177–182.
[2] A. Abdulle and A.A. Medovikov, Second order Chebyshev methods based on orthogonal polynomials, Numer. Math., 90 (2001), 1–18.
[3] A. Abdulle, Fourth order Chebyshev methods with recurrence relation, SISC, 23 (2002) no.
6, 2041–2054.
[4] A. Abdulle and W. E, Finite difference HMM for homogenization problem, J. Comput. Phys.,
191 (2003) no. 1, 18–39.
[5] A. Abdulle, On a-priori error analysis of Fully Discrete Heterogeneous Multiscale FEM, to
appear in SIAM MMS.
[6] A. Abdulle and S. Attinger, Homogenization methods for Transport of DNA particles in
Heterogeneous Arrays, Lect. Notes in Computational Sci. and Eng., 39 (2004), 23–34.
[7] A. Abdulle and S. Attinger, Numerical Methods for Transport Problems in Microdevices,
submitted.
[8] A. Bensoussan, J.-L. Lions and G. Papanicolaou, Asymptotic Analysis for Periodic Structures,
North Holland, Amsterdam, 1978.
[9] W. E and B. Engquist, The Heterogeneous Multi-Scale Methods, Commun. Math. Sci., 1
(2003) no. 1, 87–132.
[10] W. E, Pingbing Ming and Pingwen Zhang, Analysis of the heterogeneous multi-scale method
for elliptic homogenization problems, to appear in J. Amer. Math. Soc.
[11] V.V. Jikov, S.M. Kozlov and O.A. Oleinik, Homogenization of differential Operators and
Integral Functionals, Springer-Verlag, Berlin, Heidelberg, 1994.
[12] E. Hairer and G. Wanner, Solving Ordinary Differential Equations II. Stiff and DifferentialAlgebraic Problems, Springer Verlag Series in Comput. Math., 14 , Berlin, 1996.
[13] T. Goudon and F. Poupaud, Homogenization of transport equations: weak mean field approximation, SIAM J. Math. Anal., 36 no. 3, 856–881.
[14] A. J. Majda and P. R. Kramer, Simplified models for turbulent diffusion: Theory, numerical
modelling and physical phenomena, Physics Reports, 314 (1999), 237–574.
[15] P. Ming and X.-Y. Yue, Numerical methods for multiscale problems, Manuscript of September
22 2003, preprint available at http://www.math.princeton.edu/multiscale/
[16] J.T. Oden and K.S. Vemaganti, Estimation of local modeling error and global-oriented adaptive modeling of heterogeneous materials, J. Comput. Phys., 164 (2000) no. 1, 22–47.
[17] G. Pavliotis, Homogenization Theory for Advection–Diffusion Equations with Mean Flow,
PhD Thesis, Rensselaer Polytechnic Institute, May 2002.

Received September, 2004; revised April, 2005.
E-mail address: assyr.abdulle@unibas.ch

