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Abstract. We show that in the limit of small Rossby number ε, the primitive
equations of the ocean (OPEs) can be approximated by “higher-order quasigeostrophic equations” up to an exponential accuracy in ε. This approximation
assumes well-prepared initial data and is valid for a timescale of order one
(independent of ε). Our construction uses Gevrey regularity of the OPEs and
a classical method to bound errors in higher-order perturbation theory.

1. Introduction. We consider the primitive equations for the ocean (henceforth
OPEs), scaled as in [13]

1
∂t v + v ⊥ + ∇p + u · ∇v = μΔ3 v + fv ,
ε
1
∂t ρ − w + u · ∇ρ = μΔ3 ρ + fρ ,
(1)
ε
∇ · u = ∇ · v + wz = 0,
ρ = −pz .
Here u = (u, v, w) is the three-dimensional ﬂuid velocity, with v = (u, v) its horizontal component and v ⊥ = (−v, u); p is the pressure; ρ is the perturbation density
(not including the mean stable stratiﬁcation which ﬁgures into the ε in the equation
for ρ). We write ∇2 := (∂x , ∂y ) and ∇3 := (∂x , ∂y , ∂z ); when no ambiguity may
arise, we simply write ∇. Similarly, we write Δ2 := ∂x2 + ∂y2 and Δ3 := ∂x2 + ∂y2 + ∂z2 .
The parameter ε is related to the Rossby and Froude numbers; in this article we
shall be concerned with the limit ε → 0, and for convenience we assume that ε ≤ 1
(further restrictions on ε will be stated below). In general the viscosity coeﬃcients
for v and ρ are diﬀerent; we have set them all to μ for clarity of presentation (the
general case does not introduce any more essential diﬃculty). The forcings fv and
fρ are assumed to be independent of time.
We work in three spatial dimensions, x = (x, y, z) ∈ [0, L1 ]×[0, L2 ]×[−L3 /2, L3 /2]
=: M, with periodic boundary conditions assumed. Following common practice in
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