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Abstract. In modeling of populations and in many other applications parameters are either measured directly or determined by fitting parameters to
a mathematical model. These parameters have variability depending on experimental error, the actual population used and many other factors. In this
paper we consider that those parameters are random variables with given distributions. We write and solve random differential equations that model Monod
growth kinetics. This type of kinetics is useful, for example, in modeling biofilm
growth.

1. Introduction. A field of great interest in biology is the study of population
growth, in particular of microorganisms such as bacteria. Field observations and
laboratory experiments are expensive and very difficult to perform; in the field it
is almost impossible to keep the external factors constant and uniform. In the laboratory there is much more control; however, the conditions may still vary in time
and also be different from actual situations in the real environments of interest.
Moreover, errors in measuring the population sizes occur frequently. Even when
measurements are done with the utmost care, the measured values will differ between experiment batches; most times the variability is quite dramatic. This is due
to the large sizes and/or variability of the populations, inaccuracies in the methods
used to assess them, error (human or otherwise), as well as other unknown factors.
Mathematical models are necessary to be able to study different scenarios, to
make predictions and, in general, to supplement the experimental results. These
models involve parameters, such as the rate of growth, that are usually determined
from the measurements of the population size by some sort of curve fitting. So
the end result is that we have parameters that have some variation and therefore,
models involving randomness. As previously mentioned, a new way to deal with
the variation of the parameters is to consider them to be random variables with a
specified, given distribution.
Many models for bacterial growth are given by differential equations. The coefficients of the equations can be deterministic or random. Differential equations
with deterministic coefficients have been studied for a long time; their theory and
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methods of solution, both analytic and numeric, are well developed. However, in
many situations, equations with random coefficients are better suited in describing
the real behavior of quantities of interest than their counterpart with deterministic coefficients. Randomness in the coefficients may arise because of errors in the
observed or measured data, variability in experiment conditions or uncertainties
(variables that cannot be measured, missing data, etc) or lack of knowledge. Differential equations with random coefficients or incorporating stochastic effects have
been increasingly used in the last few decades to deal with errors and uncertainty
and represent a growing field of great scientific interest, see [11] and [9].
In this paper we’ll use polynomial chaos to study the time evolution of a system
governed by the Monod kinetic equations [8] under a variety of random inputs.
In this paper we consider Monod’s model for bacterial growth. This model was
first proposed by Monod [8] and is based on the assumption that the growth rate
depends on the amount of available nutrients. The bacteria and nutrients are considered immobile and the parameters of the model are allowed to be random variables.
Equations for the time evolution of their polynomial chaos expansion coefficients
are obtained and solved numerically. From these coefficients, means, variances and
even higher-order statistics can be obtained. The paper is structured as follows. In
Section 2, the Monod mathematical model for bacterial growth with fixed parameters is briefly described. The polynomial chaos approach is presented in Section 3; a
discussion of the types of chaos considered herein versus the different types of random inputs is undertaken in Section 4. Section 5 is devoted to numerical results.
Finally, our conclusions in Section 6 end the paper.
2. Monod Kinetic Models. Monod [8] proposed a model in which the growth
rate depends on the amount of necessary nutrients. If the nutrients are present in
abundance, the model resembles Malthusian growth [7]; as the amount of nutrients
decreases, so does the growth rate. The model is more realistic and consequently
more complicated. There are at least two coupled differential equations, one for the
population of microorganisms and the other for the amount of nutrients.
Here we consider a Monod-type microbial growth for microorganisms in test
tubes, where there is essentially no convection or diffusion of either microbes or
nutrients. Both microbes and nutrients are supposed to reside in a liquid phase,
usually water. In the case when there is only one necessary nutrient (or equivalently
only one nutrient limits the growth), Monod’s model is given by:
d
(cM ) =
dt

rM (cM , cN ) (microbes),

d
(cN ) =
dt

rN (cM , cN )

(1)
(nutrients).

Here ci , i = M, N , represents the mass concentration of species i per unit volume
of the liquid phase; ri represents the total rate at which species i is produced via
reactions and sources. The molecular species present are the microbes, labeled M ,
and the soluble nutrients, labeled N , Furthermore, we assume that the microbial
death rate is proportional to the size of the population. The rate of microbial growth
is given by the Monod kinetic reactions:
µ(cN ) =

µm cN
,
K s + cN

(2)
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where µm is the maximum specific growth rate and Ks is that value of the concentration of nutrients cN where the specific growth rate µ(cN ) has half its maximum
value [1].
Invoking all simplifying assumptions to Equations (1) leads to the final form of
the governing system of differential equations:
dcM
µm cN
=
cM − kr cM ,
dt
K s + cN
(3)
dcN
1 µm cN
= −
cM ,
dt
Y K s + cN
where kr is the first-order endogenous decay rate, and Y is the yield rate coefficient.
Equations (3) represent a coupled system of nonlinear ordinary differential equations with parameters µm , Ks , kr and Y ; these equations need to be solved numerically even in the case of deterministic parameters. If the parameters are considered
random variables the situation obviously becomes more complicated. While in principle all parameters as well as the initial conditions for cM and cN may be considered
random, in order to make the model more tractable and also simplify the presentation we will consider a three-dimensional random parameter space. Since initial
values of the concentrations of microbes and nutrients can usually be measured
much more accurately than their values later on, we will consider these initial values to be deterministic. Another reason for considering these values deterministic is
that, when performing the necessary curve fitting that establishes the mean values
of the parameters based on measurements of the amounts of microbes and nutrients,
the initial values are usually not part of the fitting process. Thus, the parameters
that are considered random in the sequel are µm , Y and Ks . An additional simplification is achieved by the assumption that the ratio µy = −µm /Y is another
random variable such that µy , µm and Ks are independent. While this assumption
is not needed for the numerical solution, it will greatly improve the readability of
the governing discrete equations. Furthermore, the endogenous decay rate is set to
kr = 0. The motivation for this simplification comes from the fact that the amount
of nutrients in a test tube is usually consumed in a much shorter time than is necessary for the natural death of bacteria to contribute any significant changes in the
population. The next section presents our approach to the numerical solution of the
Monod model with the random coefficients thus identified using polynomial chaos.
3. Random Coefficients and Polynomial Chaos. Given the stated assumptions, the Monod kinetic model that will be explored in the sequel can be written
in the form
dcM
µm cN
=
cM ,
dt
K s + cN
(4)
dcN
µy cN
=
cM ,
dt
K s + cN
with the maximum specific growth rate, the half-growth concentration rate and µy
random variables. Thus, these parameters are supposed to depend on the outcome ω
of an experiment, µm = µm (ω), µy = µy (ω) and Ks = Ks (ω), where ω takes values
in the set of all outcomes Ω. The latter is assumed to be properly equipped with
a σ-algebra F and a probability measure P such that the triple (Ω, F , P ) forms
a probability space [10]. The concentrations cM (t; ω) and cN (t; ω) then become
stochastic processes. To develop a general methodology for the numerical solution
of the evolution equations (4) as well as for estimating the various moments of
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the solution, we follow a Generalized Polynomial Chaos (GPC) approach [4, 5, 13].
In this context, a random quantity χ(ω) is projected on the space of polynomial
chaoses
i1
∞
∞ X
X
X
χ(ω) = χ0 Γ0 +
χi1 Γ1 (ξi1 (ω)) +
χi1 i2 Γ2 (ξi1 (ω), ξi2 (ω)) + . . . (5)
i1 =1

i1 =1i2 =1

where the Γi are successive polynomial chaoses, of increasing degree, in their arguments [12, 6, 4]. This expansion has been shown to converge, for the particular
case of Hermite expansion, for second-order random processes [2]. Other orthogonal
polynomials and their relationship with various distributions of random variables
are discussed in the paper by Xiu and Karniadakis [13].
The polynomial chaoses can be arranged in a sequence Φi (ξξ (ω)), such that the expansion of the random variables and stochastic processes appearing in equation (4)
takes the form, i.e.:
∞
∞
X
X
cM (t; ω) =
cMi (t)Φi (ξξ (ω)); Ks (ω) =
Ksj Φj (ξξ (ω)),
(6)
i=0

j=0

where Φi are properly chosen polynomial basis functions of the random variable
vector ξ . The number of variables in ξ represents the dimension of the chaos. We
will perform two types of expansions, in terms of Jacobi polynomials and Hermite
polynomials (the usual Wiener chaos expansion [12]). They will be applied to
the two different types of probability distribution functions that can occur for the
parameters, with or without compact support, respectively. In the first case ξ (ω)
is a vector of random variables with beta distribution (the uniformly distributed
random variable being a special case corresponding to Legendre polynomials as
special case of the Jacobi polynomials); in the second case it is a vector of standard
Gaussian random variables. A Galerkin projection using the orthogonality of the
basis functions hΦi , Φj i = δij hΦi , Φi i, together with truncation of the polynomial
chaos series to a finite number of terms will then lead to a system of ordinary
differential equations governing the time evolution of the chaos coefficients of the
solutions cMi , cN i of the system of differential equations (4).
A proper description of the random parameters in terms of the independent chaos
variables in ξ must take into account the correlation between these parameters.
Since we assume the three parameters to be independent random variables, each
of them will be expanded as a functional of only one separate variable in ξ ; their
random space is one-dimensional. More precisely, writing our expansions for these
parameters only up to order one for readability, we will have
µm

=

µ̄m + µm1 Γ1 (ξ1 ) + µm2 Γ1 (ξ2 ) + µm3 Γ1 (ξ3 )

µy

=

µ̄y + µy1 Γ1 (ξ1 ) + µy2 Γ1 (ξ2 ) + µy3 Γ1 (ξ3 )

Ks

=

K̄s + Ks1 Γ1 (ξ1 ) + Ks2 Γ1 (ξ2 ) + Ks3 Γ1 (ξ3 ),

(7)

where µm2 = µm3 = 0, µy1 = µy3 = 0 and Ks1 = Ks2 = 0 such that the three
random parameters are uncorrelated. On the other hand, the expansions for the
output stochastic processes cM and cN become three-dimensional chaos expansions.
For cM , for example, the expansion will take the form
cM (t; ω) = c̄M (t) + cM1 (t)Γ1 (ξ1 ) + cM2 (t)Γ1 (ξ2 ) + cM3 (t)Γ1 (ξ3 ).

(8)

For all random quantities, the first coefficient in the expansion represents the mean
and will be denoted either by subscript zero or by an overbar, i.e. c̄M (t) = cM0 (t).
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We are now ready to develop the discrete equations used in the numerical study.
The first equation in (4) is first written in the form:
dcM
= µm cN cM .
dt
Introducing the polynomial chaos expansions leads to


P X
P X
P
P
P
P
X
X
X
X
dcMi
 Ksk Φk +

cN j Φj
Φi =
cMi cN j µml Φi Φj Φl ,
dt
j=0
i=0
j=0 i=0
(Ks + cN )

k=0

(9)

l=0

where an appropriate ordering of the basis functions Φi is used and their dependence
on the random variables ξ results from the ordering and is not indicated explicitly. A
Galerkin projection on the respective Hilbert space of random variables is obtained
by demanding that the residual be orthogonal on the subspace spanned by the basis
functions. In particular, taking the inner product of the above equation with basis
function ΦL results in
P X
P
X
i=0 j=0

P

(Ksj + cN j ) hΦi Φj , ΦL i

P

P

XXX
dcMi
=
cMi cN j µml hΦi Φj Φl , ΦL i.
dt
i=0 j=0

(10)

l=0

This is seen to be a matrix equation for the vector of unknown variables


cM0
 cM1 


 . 


~cM = 

 . 
 . 
cMP

(11)

of the form Ad(~cM )/dt = ~bM , where the matrix A and the vector ~bM are themselves
time-dependent. The entry on line L, column i of the matrix A is given by
A[L, i] =

P
X
j=0

(Ksj + cN j ) hΦi Φj , ΦL i

A similar equation Ad(~cN )/dt = ~bN , with the same matrix A, is obviously obtained
for the cN part of the solution, with µy on the right hand side in place of µm .
Initially these two equations are coupled and thus should be solved together as a
system of the form
#

 
 "
~bM
d ~cM
A 0
= ~
.
(12)
0 A dt ~cN
bN
However, upon the use of an explicit Runge-Kutta method and linearization of
the coefficient matrix and the right-hand side values (using known values of the
coefficients from the previous stage), the system decouples and the matrix can be
easily inverted to obtain updated coefficient values.
4. Random input representation. In most situations a subset of the random
input coefficients of the model must satisfy constraints inherent to the model itself.
For example, in the case of the Monod model (4) that we are using, the parameter
Ks should be necessarily positive; thus assuming a normal distribution for Ks is
not appropriate. It could be argued that µm should also be positive for growth to
occur; however, this parameter may be allowed to have a normal distribution with a
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positive mean. In this case the implicit assumption is that the growth conditions are
varying to such an extent that population decrease, instead of growth, sometimes
occurs, possibly because of other factors not accounted for in the model. The
amount of nutrients is expected to decrease continuously, therefore the parameter
µy should be negative.
If all the input parameters are random variables with the same type of distribution, the polynomial chaos basis is easy to choose. For example, if all the three
parameters in the model were assumed to have normal distributions, a Hermite
chaos expansion would be a natural choice. On the other hand, if all the three parameters were assumed to have uniform distributions, a Legendre chaos expansion
would be preferred. Let us note, however, that even in this case the output distribution is not necessarily best described by these choices of basis functions. Even
more importantly, the three parameters will likely have different distributions. Consider for example the perfectly valid case where Ks is assumed to have an uniform
distribution, −µy a Gamma distribution, while µm has a normal distribution, and
suppose one chooses to use the Hermite chaos expansion. Then obviously a first step
in the solution process is to represent Ks and −µy using a Hermite chaos expansion.
Here we describe our methodology for doing so, which is based on mappings from
other distributions to the normal. Specifically, if ξ is a standard normal random
variable then
√
1 + erf(ξ/ 2)
u(ξ) = a + (b − a)
2
has a uniform U (a, b) distribution, and
!3
r
1
1
γ(ξ) = ab ξ
+1−
9a
9a
has a Gamma(a, b) distribution. The Hermite coefficients of a random variable η
for which a mapping from the standard normal is known can be readily computed
by performing the inner product with Gaussian measure,
ηi =

1
h η(ξ), Φi (ξ) i.
hΦ2i i

(13)

For the case of Legendre chaos expansions, the variables ξ are uniformly distributed random variables. The above method in this case can be applied easily
if the cumulative distribution function of the variable η(ξ) can be inverted (i.e.
one uses the inverse transform method [10]) to map the random variable η on the
probability space of uniformly distributed random variables. Given the cumulative
distribution function Fη (x) and ξ uniformly distributed in (0, 1), the random variable Fη−1 (ξ) has the same distribution as η. The inner products of η with the basis
functions can then be computed as:
Z 1
1
1
ηi =
hη,
Φ
i
=
Fη−1 (ξ)Φi (ξ)dξ.
(14)
i
hΦ2i i
hΦ2i i 0
5. Numerical Experiments. Cunningham et al. [3] did experiments for biofilm
growth and determined a set values for the kinetic parameters. In their paper
no endogenous decay rate is used; the Monod kinetics coefficients are taken as
µmax = 0.05s−1, Ks = 0.32mg/ml, and Y = 0.16. The bacterial species used is
Pseudomonas aeruginosa. Initial values of the concentrations are cM (t = 0) =

RANDOM MODELS FOR MONOD KINETICS

725

0.043µg/ml and cN (t = 0) = 0.4µg/ml. To model the same system with our approach we take µy to have a mean value of −µmax /Y = −0.3125s−1 and investigate
the effect of randomness in the coefficients by considering a set of two cases:
• Case 1. All three parameters have uniform distributions: Ks ∼ U (0.28, 0.36),
µmax ∼ U (0.04, 0.06), µy ∼ U (−0.325, −0.3). Legendre chaos expansion used.
• Case 2. Ks ∼ Gamma(3.2, 0.1), leading to the same mean as in the above
cases but a larger variance of Var[Ks ] = 0.032. The other two parameters
have Gaussian distributions with the same means and variances as in case 1.
Hermite chaos expansion used.
In the two cases the chaos dimension is three; the polynomial chaos order has also
been set to three. Figure 1 shows the results obtained by Legendre chaos for the
case of uniform distributions. In this and the p
next figure, we also plot the standard
deviation interval, i.e. plot the curves cM − Var[cM ] and similarly for cN . The
value of the variance can be computed from the coefficients in the expansion. For
cM , for example, the variance is
Var[cM (t)] =

P
X
i=1

c2Mi (t) ∗ Var[Φi ].

(15)

The introduction of the Gamma distribution and the larger variance causes the
results for Case 2, Figure 2, to be considerably different from the first case. We
want to mention that, although the time integration was performed for a relatively
long time, no stability problems have been noticed. We plan to investigate the
impact of using different chaos orders (i.e. the convergence of the expansion) in
future work.
6. Conclusions. There are many models for microbial growth. The Monod model
is a simple one that incorporates the amount of available nutrients into the growth
rate, thus limiting the amount of growth. It is more realistic than exponential or
logistic growth model but also more complicated. Real data is hard to obtain and
has large variability. The scattering of data is due to changes in populations, experimental conditions and to errors and other uncertainties. Incorporating randomness
in the population model is a natural alternative to deterministic models to account
for the variability. In this paper, we have modified Monod’s model to take into
account the randomness in the coefficients. The system of two random coefficient
differential equations in time was solved approximately by using the method of
polynomial chaos. Several different hypotheses on the distribution functions of the
random coefficients were used to show the power of the method and the differences
in the results for different assumptions in the probability distribution functions of
the random coefficients.
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Figure 1. Results for the mean concentrations and their variance
for Case 1. Top figure: cM . Bottom figure: cN .

RANDOM MODELS FOR MONOD KINETICS

727

0.12

0.11

0.1

0.09

0.08

0.07

0.06

Mean
Mean - S
Mean + S

0.05

0.04
0

20

40

60

80

100

60

80

100

0.45
0.4
0.35
0.3
Mean
Mean - S
Mean + S

0.25
0.2
0.15
0.1
0.05
0
-0.05
0

20

40

Figure 2. Results for the mean concentrations and their variance
for Case 3. Top figure: cM . Bottom figure: cN .
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