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Abstract. We describe the ergodic invariant Radon measures for the horocycle ﬂow on general (inﬁnite) regular covers of ﬁnite volume hyperbolic surfaces.
The method is to establish a bijection between these measures and the positive
minimal eigenfunctions of the Laplacian of the covering surface.

1. Introduction
Let D be the open unit disc equipped with the hyperbolic metric 2|dz|/(1 − |z|2 ),
and let T 1 (D) denote the collection of unit tangent vectors to D. A horocycle in D
is a circle contained in D which touches ∂D at one point. For every v ∈ T 1 (D) there
is a unique horocycle which passes through the base point of v and the terminus of
geodesic determined by v. The horocycle ﬂow of D is the ﬂow ht : T 1 (D) → T 1 (D)
which moves a unit tangent vector along the horocycle it determines in the positive
direction, at unit speed.
A hyperbolic surface can be written in the form M := Γ\D where Γ is a torsion
free discrete subgroup of Möb(D), the group of Möbius transformations of the disc.
The horocycle ﬂow and geodesic ﬂow descend to ﬂows h, g on T 1 (M ).
A famous theorem of Furstenberg [F] says that if M is compact, then h has up
to normalization a unique invariant Radon measure. Variants of this phenomena
have been established for more general geometrically ﬁnite hyperbolic surfaces by
Dani [D], Burger [Bu] and Roblin [Ro], and for more general actions by Ratner
[Ra]. The geometrically inﬁnite case is still almost completely open.
We contribute to the understanding of this case by treating the periodic surfaces
M = Γ\D where {id} = Γ  Γ0 , Γ0 is a torsion free lattice in Möb(D).
M is a regular cover of the ﬁnite volume surface M0 = Γ0\D. We call M0 the period
of M . The group of deck transformations G is called the symmetry group of M . A
periodic surface is called cocompact if M0 is compact.
The symmetry group is always ﬁnitely generated, because G  Γ0 /Γ and Γ0
is ﬁnitely generated. Any ﬁnitely generated group can be realized as a symmetry
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group of some surface. A periodic surface is called Abelian, nilpotent, etc. if its
symmetry group is Abelian, nilpotent, etc.
It follows from the work of Ratner [Ra] that the horocycle ﬂow has no ﬁnite
invariant measures on periodic surfaces of inﬁnite volume, other than measures
supported on closed horocycles. But it has non-trivial invariant Radon measures,
e.g. the volume measure on the unit tangent bundle.1
The ergodic invariant Radon measures (e.i.r.m.’s) for the horocycle ﬂow on a
periodic surface have so far only been classiﬁed for free Abelian cocompact surfaces.
In this case every homomorphism ϕ : G → R determines a unique (ray of) e.i.r.m.
m such that m ◦ dD = eϕ(D) m (D ∈ G) [BL], and every e.i.r.m. arises this way
[Sa]. This is false for general periodic surfaces; see below.
We announce here the description of the horocycle e.i.r.m.’s for general periodic
surfaces. For proofs and details see [LeS2].
2. Preliminaries
KAN -coordinates. Every h-e.i.r.m. on T 1 (M ) lifts to some Γ-invariant h-invariant Radon measure on T 1 (D). This set can be identiﬁed with (∂D × R) × R as
follows: Let o ∈ D denote the origin. For every eiθ ∈ ∂D and z ∈ D let ωθ (z) be
the line element based in z which determines the geodesic which ends at eiθ . The
identiﬁcation is (eiθ , s, t) −→ (ht ◦ g s )(ωθ (o)).
−s
It is well known that g s ◦ ht = hte ◦ g s . Therefore, in these coordinates
ht (eiθ0 , s0 , t0 )

=

(eiθ0 , s0 , t0 + t);

g s (eiθ0 , s0 , t0 )

=

(eiθ0 , s0 + s, t0 e−s ).

It follows that any h-invariant measure m must be of the form dµ(eiθ , s)dt.
Babillot’s Program [Ba]. Suppose in addition that m is quasi-invariant with
respect to the geodesic ﬂow.
In this case m ◦ g s = e(α−1)s m for some α and all s,2 and we can decompose m
further into dm = eαs dν(eiθ )dsdt for some ﬁnite measure ν on ∂D. The measure ν
can then be determined by the requirements that m be Γ-invariant and h-ergodic.
These requirements turn out to be equivalent to ergodicity and conformality with
respect to the Γ-action on ∂D (see below).
This is the approach used by Martine Babillot in [Ba] to classify h-e.i.r.m. which
are quasi-invariant with respect to the geodesic ﬂow (for a diﬀerent approach, see
[ASS]).
3. Results
Some h-e.i.r.m.’s are not g-quasi-invariant: Take a non-cocompact periodic surface M with period M0 . Since M0 is a non-compact hyperbolic surface of ﬁnite
volume, it has cusps. Every cusp is encircled by closed horocycles of ﬁnite length.
These horocycles lift to h-orbits on T 1 (M ). Lebesgue measure on them is h-ergodic,
invariant, and Radon. But it is not g-quasi-invariant. We call these measures trivial
h-e.i.r.m’s. This is the only obstruction:
1A

Radon measure is a measure which gives compact sets ﬁnite measure.
−s
m is h-e.i.r.m., then so is m ◦ g s because g s ◦ ht = hte ◦ g s . Since m, m ◦ g s are ergodic
and equivalent, they must be proportional. The constant must of the form eβs . Set β = α − 1.
2 If
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Theorem 1. Let M be a periodic surface with period M0 . Any non-trivial h-e.i.r.m.
on T 1 (M ) is quasi-invariant with respect to the geodesic ﬂow.
Let Γ be a Fuchsian group, and ν some measure on ∂D. We say that ν is Γergodic if any Γ-invariant function is constant on a set of full measure. We say that
 α
ν is Γ-conformal (with parameter α) if ν is ﬁnite, and dν◦g
dν = |g | for all g ∈ Γ
(see [Su]). Theorem 1 allows us to complete Babillot’s program and show
Theorem 2. Let M = Γ\D be a periodic surface. If ν is non-atomic, Γ-ergodic,
and conformal with parameter α, then eαs dν(eiθ )dsdt is a Γ-invariant measure on
T 1 (D), which projects to a non-trivial h-e.i.r.m on T 1 (Γ\D). Any non-trivial he.i.r.m on T 1 (Γ\D) is of this form.
Recall that the hyperbolic Laplacian of D is a second order diﬀerential operator
on C 2 (D) such that ∆D (f ◦ ϕ) = (∆D f ) ◦ ϕ for all ϕ ∈ Möb(D). This determines
∆D up to a constant. The invariance property of ∆D means that it descends to an
operator ∆M on M = Γ\D, called the hyperbolic Laplacian of M .
The collection of positive λ-eigenfunctions of ∆M forms a cone. The extremal
rays of this cone are the directions generated by minimal positive λ- eigenfunctions:
λ-eigenfunctions F for which ∆M G = λG, 0 ≤ G ≤ F ⇒ ∃c such that G = cF .
2
iθ
α
If P (eiθ , z) := |e1−|z|
is an α(α − 1)iθ −z|2 (the Poisson kernel), then P (e , z)
positive eigenfunction of ∆D . Consequently, any Γ-invariant function of the form

ck P (eiθk , z)α , ck ≥ 0 deﬁnes a positive eigenfunction of ∆M . We call these
eigenfunctions trivial eigenfunctions. As it turns out, in this case eiθk must all be
ﬁxed points of parabolic elements of Γ, so minimal trivial eigenfunctions may be
thought of as generalized Eisenstein series.
Following Babillot [Ba], we consider the assignment

P (eiθ , z)α dν(eiθ ).
(∗)
m = eαs dν(eiθ )dsdt −→ Fm (z) :=
∂D

Theorem 3. Let M be a periodic surface. The mapping (∗) is a bijection between the non-trivial e.i.r.m’s of h on T 1 (M ) and the non-trivial minimal positive
eigenfunctions of ∆M . This bijection satisﬁes:
(1) m ◦ g s = e(α−1)s m ⇔ ∆M Fm = α(α − 1)Fm ;
(2) m ◦ dD = cm ⇔ Fm ◦ D = cFm for all D in the symmetry group of M .
Remark. In the cocompact case there are no trivial h-e.i.r.m’s and no non-trivial
positive eigenfunctions.
4. Examples
Example 1 (Furstenberg’s Theorem [F]). The horocycle ﬂow of a compact hyperbolic surface is uniquely ergodic.
Proof. All positive eigenfunctions on a compact surface are constant.



Example 2 (Dani-Smillie Theorem [D], [DS]). The ergodic invariant Radon measures for the horocycle ﬂow on a hyperbolic surface of ﬁnite area are all ﬁnite, and
consist of trivial measures and measures proportional to the volume measure.
Proof. The minimal positive eigenfunctions on a hyperbolic surface of ﬁnite volume
are either trivial, or constant [JM].
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Example 3 (Kaimanovich’s Theorem [Kai1]). The volume measure on a periodic
surface is h-ergodic iﬀ the surface is Liouville: all bounded harmonic functions are
constant.
Proof. Kaimanovich proved this for all hyperbolic surfaces [Kai1]. In the periodic
case: The volume measure on T 1 (D) is dm = es dλ(eiθ )dsdt, λ = Haar measure on
∂D. By Theorem
2, λ is Γ-ergodic iﬀ m is ergodic, in which case (by theorem 3)

Fm (z) = ∂D P (eiθ , z)dλ(eiθ ) ≡ 1 is minimal. The minimality of 1 is the same as
the Liouville property.

Example 4 (The strong Liouville property). The volume measure on a periodic
surface is the unique g-invariant h-e.i.r.m. on M iﬀ the surface is strongly Liouville:
all positive harmonic functions on the surface are constant.
Proof. g-invariant h-e.i.r.m’s are necessarily non-trivial, and therefore correspond
to minimal positive harmonic functions. The volume measure corresponds to the
constant function.

Example 5 (Nilpotent surfaces). Let M be a cocompact periodic surface with
nilpotent symmetry group G. Every homomorphism ϕ : G → R determines an
h-e.i.r.m. measure m (unique up to a constant) such that m ◦ dD = eϕ(D) m for
every D ∈ G, and every h-e.i.r.m. is of this form.
Proof. This is because the minimal positive eigenfunctions for a cocompact nilpotent surface form a family {tFϕ : t > 0, ϕ : G → R is a homomorphism}, where
Fϕ ◦ D = eϕ(D) Fϕ for all D ∈ G (see [LP], [CG]). This example strengthens the
main result of [Ba], [ASS] by removing the g-quasi-invariance assumption.

Example 6 (Polynomial growth). Let M be a cocompact periodic surface of polynomial growth.3 The symmetry group of M contains a ﬁnitely generated normal
nilpotent subgroup N of ﬁnite index, and the rays of h-e.i.r.m.’s on T 1 (M ) are in
bijection with the homomorphisms from N to R.
Proof. The symmetry group of a surface of polynomial growth is a group of polynomial growth. By Gromov’s theorem [Gr], it contains a normal nilpotent subgroup
N of ﬁnite index. It is now possible to represent M as a nilpotent cover of some
compact hyperbolic surface M1 (we thank Y. Coudene for this observation). This
reduces Example 5 to Example 4.

Remark. This shows that the h-e.i.r.m.’s on a cocompact periodic surface of polynomial growth can be naturally parameterized as a d-parameter family with d =
rank(N/[N, N ]) (where the rank of the ﬁnitely generated Abelian group A =
N/[N, N ] is the d in A/Tor(A)  Zd ).
Example 7 (Polycyclic surfaces). Cocompact polycyclic surfaces which are not
virtually nilpotent are Liouville, but not strongly Liouville.4 Therefore,
3A

Riemannian surface is said to be of polynomial growth if the volume of balls of radius R is
O(Rδ ) for some δ as R → ∞.
4 G is polycyclic if ∃G  G such that {1} = G  · · ·  G
n = G and Gi /Gi−1 are cyclic.
0
i
Polycyclic groups are characterized as the solvable groups all of whose subgroups are ﬁnitely
generated. G is virtually nilpotent if ∃N  G nilpotent such that |G/N | < ∞. Finitely generated
virtually nilpotent groups are characterized as the groups of polynomial growth: if Λ is a ﬁnite
set of generators, then |Λn | = O(nα ) for some α.
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(i) The volume measure on T 1 (M ) is a g-invariant h-e.i.r.m.;
(ii) There are other g-invariant h-e.i.r.m.’s., and these measures are not quasiinvariant with respect to all deck transformations.
Proof. A cocompact polycyclic surface has the Liouville property (Kaimanovich
[Kai2]), and we saw that this implies (i). Polycyclic groups are linear, therefore
the work of Bougerol and Élie [BE] provides a non-constant minimal positive harmonic function F on M . The measure corresponding to F is g-invariant, because
F0 has eigenvalue zero. It cannot be quasi-invariant with respect to all deck transformations, otherwise it would be invariant with respect to the commutator of the
symmetry group, and would therefore deﬁne a g-invariant h-e.i.r.m on the homology
cover of the period of M , diﬀerent from the volume measure. But the homology
cover of a compact surface is Liouville [LS], and therefore does not admit such
measures.

Note the gradual deterioration in measure rigidity as the symmetry group ‘grows’.
Final comments. We see that the horocycle ﬂow on an inﬁnite periodic surface
usually has more than one invariant Radon measure. It is natural to ask for an
ergodic theoretic property which singles out one e.i.r.m out of the multitude (‘conditional unique ergodicity’). There are indications that this can be done for periodic
surfaces of polynomial growth. See [LeS1] for a treatment of Zd -covers.
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