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Abstract. This paper deals with the problem of determining whether a PDset exists for a given linear code C and information set I. A computational
approach is proposed and illustrated with two exceptional codes with automorphism groups isomorphic to the sporadic simple groups M12 and M22 ,
respectively. In both cases, the existence of a PD–set is proven. In general,
the algorithm works well whenever the code C has a very large automorphism
group.

1. Introduction
In [45], F. J. MacWilliams developed a decoding method, called permutation
decoding, that is feasible when the automorphism group contains a set of automorphisms, called a PD-set, with specific properties. A PD–set for a t–error-correcting
code C is a set S of automorphisms of C such that every t–set of coordinate positions is moved by at least one member of S outside the information positions. Two
fundamental problems arise:
(1) Determine whether Aut(C) contains a PD–set.
(2) If Aut(C) contains PD–sets, then find a PD-set of smallest possible size.
These problems have been studied by various authors for very particular classes
of codes, see [7, 15, 16, 17, 19, 25, 27, 29, 30, 31, 32, 33, 34, 35, 42, 43, 44, 53, 57].
If the existence of a PD–set is known and the code has relatively small parameters,
a computational approach to Problem (2) was proposed by the authors in [51].
This approach produced several examples of small PD–sets that, in some cases, can
be proven to be the smallest possible. In general, it is convenient to start with a
linear code with a large prescribed automorphism group and, not only because of
permutation decoding, these codes have been widely investigated in the last years,
see [2, 4, 6, 9, 8, 10, 11, 12, 13, 14, 18, 21, 24, 36, 37, 38, 39, 40, 41, 49, 50, 51, 52,
54, 56] and references therein.
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This paper deals with Problem (1). Indeed, given a linear error-correcting code
C and an information set I, determining whether a PD–set exists is often computationally unfeasible, even for moderately large examples. A computational approach
is proposed and illustrated with two exceptional codes. In the first case, a [77,10,32]
binary code is considered. This code was constructed by A. Cossidente and the second author in [13] and has an exceptionally large automorphism group isomorphic
to the Matheiu group M22 . The second case is a ternary [66,10,36] code which was
constructed by the first author in [49]. This code has the largest minimum distance
among the ternary linear codes with length n = 66 and dimension k = 10; see
[20]. Moreover, it has a large automorphism group isomorphic to C2 × M12 and,
in several ways, resembles the famous Golay code. In general, our algorithm works
well whenever the code C admits a large automorphism group.
Section 2 contains some preliminary notions on linear codes and permutation decoding. In Section 3 some group theoretical implications are presented. In Sections
4 and 5, the algorithm is presented and illustrated with the two examples.
2. Preliminaries
For a prime power integer q, let V (n, q) be the n-dimensional vector space over
the Galois field Fq . Then, a k-dimensional subspace C of V (n, q) is a q-ary linear
[n, k]-code. The integer n is said to be the length of the code, while a vector x ∈ C
is called a codeword; see [22, 46, 47].
A generator matrix for C is a k × n matrix M whose rows form a basis for
C as a subspace of V (n, q). The Hamming distance d(x, y) between two vectors
x = (x1 , . . . , xn ) and y = (y1 , . . . , yn ) is the number of i’s such that xi 6= yi , and
the minimum distance of C is the integer
d(C) = min{ d(x, y) | x, y ∈ C; x 6= y }.
The Hamming weight w(x) of a vector x is the number of its nonzero components,
and the minimum weight w(C) of C is the minimum weight of its codewords different from the zero vector. For any linear code C the minimum distance d(C) and
minimum weight w(C) coincide.
The minimum distance d(C) of a code C is related to its ability to correct errors.
Indeed, using the maximum likelihood decoding method, a code C can correct up
c errors. In this case, we will say that C is a t-error correcting code.
to t = b d(C)−1
2
Let C1 and C2 be two q-ary [n, k]-linear codes with generator matrices M1 and
M2 respectively. Then C1 and C2 are said to be equivalent if and only if
M1 B = M 2
for some n × n monomial matrix B. The group of linear transformations on Fq n
which preserves the Hamming weight is the monomial group
n
(1)
Mn (Fq ) = Fq \ {0} o Sym(n),
n
where the product in Fq \{0} is (a1 , . . . , an )(b1 , . . . , bn ) = (a1 b1 , . . . , an bn ). Given
n
a = (a1 , . . . an ) ∈ Fq \ {0} and σ ∈ Sym(n), for any codeword x = (x1 , . . . , xn )
write
(a,σ)(x) = (aσ−1 (1) xσ−1 (1) , . . . , aσ−1 (n) xσ−1 (n) ).
The linear automorphism group Aut(C) of a q-ary [n, k]-linear code C is the
group of linear transformations in Mn (Fq ) which leaves the code C invariant.
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2.1. PD-sets. For a t-error correcting [n, k, d] linear code C over Fq , whose generator matrix we suppose to be in standard form G = (Ik |A), let I be the set of
information positions and J the set of check positions (the redundancy). A set S
consisting of elements of the group Aut(C) is called a permutation decoding set
 (for

short a PD-set) for C if for every subset B of {1, . . . , n}, with |B| = t ≤ d−1
,
2
there exists an element (a, σ) ∈ S such that σ(B) ∩ I = ∅; see [23, Page 1413]. In
other words, a PD-set for an error correcting code C with parameters [n, k, d] is a
set S consisting of automorphisms of the code such that every possible error vector
of weight at most t can be moved outside the information part by some element of
S.
The permutation decoding algorithm is fairly simple once a PD-set is found. For
instance, suppose that C is a t-error correcting [n, k, d] linear code over Fq with
both the generator matrix G = (Ik |A) and the parity-check matrix H = (−TA|In−k )
in standard form, so that we have I = {1, . . . , k} and J = {k + 1, . . . , n}. Further,
let S = {γ1 , . . . , γm } be a PD-set for C. In this setting, any message defined by a
k-ple m is encoded as c = mG = (c1 , . . . , cn ) with the information symbols in the
first k positions.
Suppose now that a codeword c is sent, but r = c + e is received, with the error
vector e having weight at most t. Compute the syndromes T si = H · T γi (r) for
1 ≤ i ≤ m until an index i is found such that the weight of si is t or less. Use the
information symbols that are in γi (r) to identify a codeword c0 carrying the same
information symbols in the first k positions. Then r can be decoded as c = γi−1 (c0 ).
That this algorithm actually works is granted by the following result; see [23,
Theorem 8.1] and also [25, Result 2].
Result 1. Let C be a t-error correcting [n, k, d] linear code with parity check matrix
H = (−TA|In−k ) in standard form. If r = c + e is a vector with c ∈ C and
w(e) ≤ t, then the information symbols in r are correct if and only if the weight of
the syndrome T s = H · T r of r does not exceed t.
We remark that the whole permutation decoding procedure works since, for γ ∈
Aut(C), if r = c + e then γ(r) = γ(c) + γ(e).
In [27], the notion of partial permutation decoding was introduced, where an
s-PD-set is a set of automorphisms that can correct up to s errors, where s ≤ t.
More precisely, an s-PD-set is a set S of automorphisms of C which is such that
every s-set of coordinate positions is moved by at least one member of S into the
check positions J.
In general, the problem of constructing PD-sets for error correcting codes is a
very hard one. Further, the existence of a PD-set may also depend on the way
the information set is chosen, therefore the existence of PD-sets is not invariant
under equivalence of codes. More than that, for many known codes a PD-set may
not even exist. On the other hand, the larger the automorphism group of a code,
the more likely it is for a PD-set to exist; see [23, 42, 43, 44]. Codes with large
prescribed automorphism groups have been constructed in [51] by selecting suitable
matrix group representations from the Atlas of Finite Groups Representations [1]
and considering the corresponding transitive codes.
It should also be noted that the decoding algorithm is more efficient when the
PD-set is as small as possible. A lower bound for the size of a PD-set is established
by the following result; see [19, 23].
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Result 2 (Gordon). Let C be a t-error correcting [n, k] linear code with redundancy
r = n − k, and S a PD-set for C. Then
 



n n−1
n−t+1
···
.
|S| ≥
···
r r−1
r−t+1
Under certain conditions, PD-sets can be conveniently described in group-theoretical terms. The next section will be devoted to this approach.
3. Group-theoretical implications
X
t

Let G be a permutation group acting on a set X and, for an integer t ≤ |X|, set
= { T ⊂ X | |T | = t }.

Proposition 1. Let C be a t-error correcting [n, k] linear code with a set of information positions denoted by I and G an automorphism group of C. Then, the
following statements are equivalent.
(a) C admits a t–PD set.
(b) For every T ∈ Xt , there exists g ∈ G such that T ∩ I g = ∅.

(c) For every T ∈ Xt , there exist g, h ∈ G such that T h ∩ I g = ∅.
Proof. If (a) holds then there is an element h ∈ G such that T h ∩ I = ∅, that is,
−1
−1
(T h ∩ I)h = T ∩ I h = ∅. Hence (a) implies (b) with g = h−1 . To prove that (b)

implies (c) it suffices to take h = idG . Finally, if (c) holds then for every T ∈ Xt ,
there exist g, h ∈ G such that T h ∩ I g = ∅. Hence, hg −1 moves every element of T
outside the set of information positions I. This completes the proof.
We recall a classical theorem from group theory [5, 48] which will be useful for
the construction of PD-sets. Let G be a permutation group acting on a nonempty
set Ω. Let
xG = { xg | g ∈ G }
denote the orbit of an element x ∈ Ω under the action of the group G and for any
g ∈ G set
Fix(g) = { x ∈ Ω | xg = x }.
Result 3 (Burnside’s lemma). If t is the number of orbits under the action of G
on Ω, then
X
t |G| =
|Fix(g)|.
g∈ G

4. Algorithms
Henceforth X = {1, . . . , n} will denote the set of positions in codewords of a code
C, so that the information set I is just a k-subset of X.
4.1. Naı̈ve Algorithms. Fix G, I and t. A key problem is that of determining
whether G admits a t–PD set or not. Besides the most obvious sufficient conditions,
such as G being t-transitive, very little is known about this decisional problem. For
instance, the sufficient condition kt < n holds for cyclic codes [45] and a slightly
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more general result can be found in [28, Lemma 7]. The simplest naı̈ve algorithm
is the following.
Data: G, I, t
Result: “Success”,“Fail
”

for T ∈ Xt do
if T g ∩ I 6= ∅, for all g ∈ G then
return “Fail”;
end
end
return “Success”;
Algorithm 1: Naı̈ve Algorithm
A first improvement to the naı̈ve algorithm can be done by precomputing the
set I G = { I g | g ∈ G }. Then, using part (b) of Proposition
1, one could twist the

problem and simply check that, for every T ∈ Xt , there exists a U ∈ I G such that
T ∩ U = ∅. The clear advantage is that it is not necessary to compute T g for all
g ∈ G but only I G , and this is done only once.
Data: G, I, t
Result: “Success”,“Fail’ ’
Compute the set I G = { I g | g ∈ G };

for T ∈ Xt do
if T ∩ U 6= ∅, for all U ∈ I G then
return “Fail”;
end
end
return “Success”;
Algorithm 2: Precomputing the set I G .

Unfortunately, even for relatively small examples, the set Xt is often too large
and this makes the computation unfeasible. By using part (c) of Proposition 1, one
can restrict
 consideration to G-orbit representatives of t-subsets rather than the
whole Xt . This leads to the following algorithm.
Data: G, I, t
Result: “Success”,“Fail ”
Compute the set I G = { I g | g ∈ G };
Consider G-orbits of t–subsets of X and determine orbits representatives:
T1 , . . . , T` ;
for i ∈ {1, . . . , `} do
if U ∩ Ti 6= ∅, for all U ∈ I G then
return “Fail”;
end
end
return “Success”;
Algorithm 3: Precomputing the set I G and use orbits of t–subsets of X.
If it is possible to compute and store all orbit representatives T1 , . . . , T` , this is
possibly a good way to determine whether G admits a t–PD set or not. If the code
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is short, or t is small, this can be easily done. However, in general this computation
is known to be out of reach, even for moderately large values of n and t.
4.2. A more efficient algorithm. In this section, a technique is described
which considerably shortens the computation time when it is not possible to compute the whole set of orbit representatives T1 . . . T` as in Algorithm 3.
Indeed, a suitable value t0 < t can be chosen in such a way that it is feasible to
compute all G–orbit representatives of t0 –subsets of X, which can be estimated by
Theorem 3. Every G-orbit of t-subsets contains a representative of type T0,i ∪ V ,

0,i
for i ∈ {1, . . . , `} and V ∈ X\T
t−t0 . Therefore, the algorithm works since it actually
tests all G-orbits of t-subsets. Note that although some orbits may be tested more
than once, this algorithm seems to be the best solution when the computational
complexity using Algorithm 3 turns out to be too high.
Data: G, I, t, t0
Result: “Success”,“Fail ”
Compute the set I G = { I g | g ∈ G };
Consider G-orbits of t0 –subsets of X and determine orbits representatives:
T0,1 , . . . , T0,` ;
for i ∈ {1, . . . , `} do
Compute I0,i = { U | U ∈ I g , U ∩ T0,i = ∅ };

0,i
for V ∈ X\T
do
t−t0
if U ∩ V 6= ∅, for all U ∈ I0,i then
return “Fail”;
end
end
end
return “Success”;
Algorithm 4: Algorithm implemented

5. Examples
The Algorithm 4 was implemented in two separate parts, using the Computer
Algebra System Magma [3] and the programming language C++ [55]. More precisely, the sets I G and T0,1 , . . . , T0,` were precomputed using Magma and the core
of the algorithm was implemented using the programming language C++. The core
of the algorithm ran in parallel on two machines:
• Apple iMac with a 3.4 GHz Intel Core i7 processor.
• Dell Precision T7610 with a Dual Intel Xeon Processor E5-2680 v2 (Ten Core
HT, 2.8 GHz Turbo, 25 MB).
In particular, two technical details were crucial for the feasibility of the computation.
• For each i, the set I0,i = { U | U ∈ I g , U ∩ T0,i = ∅ } is computed, and those
sets that are certainly not going to work are removed from I G . This is crucial
because otherwise
it would be necessary to test disjointness for all the sets

0,i
V ∈ X\T
with
all
elements in I G .
t−t0
• The internal cycle “for” tests whether V is disjoint with every set U ∈ I0,i .
Since there are faster algorithms for sorted data, it is convenient to deal with
sorted sets U and V . In practice, this is not an obstacle because I g is computed
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”, the set V can easily be

5.1. A linear code with automorphism group M22 . In [13], A. Cossidente
and the second author constructed a [77,10,32] binary code admitting the automorphism group M22 . Since the existence of a PD–set may depend on the choice
of the information set, we have to provide an explicit description of the code, its
information set I and automorphism group G. A generator matrix M for this code
with information set I = {1, . . . , 10} is the following:
10000000001101111010111100110110111111100111100100100110100101011001100010100
01000000001111010111011100000100101010011100010010011100011000000010101101100
00100000001000000111100110110100111110101011000010010010000010011010100111010


00010000001111011011100000011010001110100001111000011110001001001010000011001


00001000000100110000110110000101101011000111010001010010011100010101101011010

M =
00000100000010110000110000011000111110110011100111010111001111001001111111111 .


00000010000001110110110000000011000011111001101110011001001000101011001100101


00000001000000001110000001111011001000111101011100111110001101101101111111111


00000000100000000001110001111111111011101110001011100010110101010010001000000
00000000010000000000001111111000111111001000111010001101101110111111110111111

One can consider the automorphism group G = ha1 , a2 i ∼
= M22 , where |G| =
443,520 and
a1 = (1, 15)(2, 72, 74, 27, 9, 32, 10, 45)(3, 63, 50, 68, 56, 66, 77, 16)
(4, 75, 11, 76, 26, 60, 48, 8)(5, 17, 46, 65, 53, 43, 7, 38)(6, 29, 59, 25)
(12, 44, 13, 28, 14, 34, 70, 31)(18, 37, 21, 71, 67, 36, 42, 41)
(19, 39, 22, 33)(20, 64, 51, 62, 40, 24, 69, 30)
(23, 52, 73, 58, 35, 61, 57, 47)(54, 55);
a2 = (6, 13)(8, 17)(9, 35)(10, 23)(15, 16)(18, 19)(20, 60)(21, 47)(22, 41)
(24, 25)(26, 43)(27, 50)(28, 58)(29, 30)(31, 37)(32, 49)(33, 51)
(34, 42)(36, 61)(38, 39)(40, 48)(44, 52)(45, 56)(46, 66)(53, 63)
(55, 57)(62, 64)(67, 71).
The Algorithm 4 was implemented using the parameter t0 = 8. It turns out
that there are 26,859 M22 –orbits of 8–subsets of X = {1, . . . , 77}. The orbits
T1 , . . . , T26,859 were computed using the software Magma running on a standard
Personal Computer. The software implemented in C++ ran for approximately
three days on the workstation Dell Precision T7610. The existence of a PD–set was
proven.
5.2. A linear code with automorphism group M12 . In [49], the first author
constructed a [66,10,36] ternary code admitting the automorphism group C2 × M12 .
A generator matrix M for this code having information set I = {1, . . . , 10} is the
following:
100000000021002012001020112100220022211002212011211022101000220202
010000000012111120021222120020002122222012111011211102221220022122
001000000011021020001100122002121101112112022002200202221021200100


000100000021101100200210210210122110020101120121102001012112201000


000010000002111202120212200100101120010220101011001120001122210220

M =
000001000012112220211212211220121012201121111020022221210020202220 .


000000100020020020001002210201022120201211001012121020201022212121


000000010001210201100012220020102011110211221201012011010200102210


000000001002220010220102200120020222000111211011120102012110202110
000000000120101120201222210112200012211100001111011200100101012020
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One can consider the permutation part G = ha1 , a2 i ∼
= M12 of the automorphism
group of the codes, where |G| = 95,040 and
a1 = (3, 23, 44, 34, 40, 61, 60, 21)(4, 12, 32, 26, 55, 45, 17, 27)
(5, 20, 13, 58, 29, 9, 6, 16)(7, 14, 66, 64)(8, 42, 43, 28, 41, 56, 59, 47)
(10, 24, 48, 54, 57, 50, 18, 33)(11, 22)(15, 39, 31, 52, 53, 65, 62, 36)
(19, 46)(25, 51, 49, 37, 35, 38, 63, 30);
a2 = (1, 7)(2, 42)(4, 5)(6, 40)(8, 65)(9, 14)(10, 45)(11, 44)(12, 55)(13, 18)
(15, 32)(16, 51)(17, 22)(19, 27)(20, 28)(21, 46)(24, 30)(26, 53)(31, 35)
(33, 47)(34, 49)(36, 43)(37, 59)(38, 41)(39, 50)(48, 61)(52, 58)(54, 64)
(56, 66)(60, 63).
The Algorithm 4 was implemented using the parameter t0 = 7. It turns out that
there are 8810 M12 –orbits of 7–subsets of X = {1, . . . , 66}. The orbits T1 , . . . , T8810
were computed using the software Magma running on a standard Personal Computer. The software implemented in C++ ran in parallel on our two workstations
for approximately 20 days. The existence of a PD–set was proven.
6. Conclusions
A practical problem in permutation decoding is to determine whether the automorphism group of a code contains a PD-set. In general, the solution of this
decisional problem is out of reach, even for moderately large values of n and t. To
the best of our knowledge, the only algorithm known for a generic code was the
naı̈ve algorithm (Algorithm 1). In previous works, the existence of PD–sets (or,
more often, partial PD-sets) was proven only in very particular cases with ad-hoc
arguments and exploiting the particular structure of the codes; see, for instance,
[7, 15, 19, 26, 27, 32, 42, 53, 57].
Algorithm 4 can be used to efficiently test codes admitting large automorphism
groups, which are the best candidates for permutation decoding. The idea of the
algorithm is based on Proposition 1, and a key step is determining a suitable value
t0 . In particular, the value t0 should be as “large as possible” while keeping the
value ` to be “not too big” with respect to the available computational resources.
In our implementation, the existence of a PD–set was proven for two exceptional
linear codes [13, 49] in a reasonable time and using two standard workstations.
In Section 4.2 we underlined the fact that certain orbits are possibly tested more
than once. Although we do not see how this can be avoided, there could be room for
improvement. In this respect, exploiting structural properties that are peculiar to
a particular group or linear code may produce a further optimisation of Algorithm
4 for certain classes of codes.
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[24] L. Indaco and G. Korchmáros, 42-arcs in P G(2, q) left invariant by P SL(2, 7), Des. Codes
Cryptogr., 64 (2012), 33–46.
[25] J. D. Key, Permutation decoding for codes from designs, finite geometries and graphs, in
Information Security, Coding Theory and Related Combinatorics (eds. D. Crnkovič and
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